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We apply a generalized Gross-Pitaevskii equation (non-linear Schrödinger equation) to study the
dynamics of a many-particle quantum system with long-range interactions. In particular, motivated
by its pivotal role in the study of long-range interacting classical systems, we focus on a quantum ver-
sion of the Hamiltonian Mean Field (HMF) model which can either be viewed as describing particles
interacting via a cosine potential, or equivalently the kinetic XY-model with infinite range interac-
tions. Our numerical simulations demonstrate that the violent relaxation phenomenon, well-known
in gravitating classical systems, persists in the quantum semiclassical dynamics but is ultimately
suppressed by zero-point motion in the deep quantum limit. In the classical HMF model violent
relaxation leads to the clustering of particles into characteristic high density chevron-shaped pat-
terns: In the quantum version these become Pearcey wave catastrophes which are the universal wave
patterns associated with one of Thom’s seven elementary catastrophes (the cusp). These results
are relevant to describing self-organization in quantum gases trapped in optical cavities. Finally,
we comment on the commutativity of the classical and thermodynamic limits for the Hamiltonian
mean-field model.

I. INTRODUCTION

Quantum many-body (QMB) systems with long-range
interactions (LRI) are increasingly being realized in labo-
ratory experiments, especially with ultracold atomic and
molecular gases where inherently long coherence times
are suited to investigating dynamical configurations. Ex-
amples include atomic Bose-Einstein condensates (BEC)
with magnetic dipole-dipole interactions [1–12], cold po-
lar molecules [13–18], trapped ions [19–22], Rydberg
atoms [23–30], and atoms inside high-finesse optical cav-
ities which interact via the cavity modes (that extend
over the entire cavity) [31–36]. There are also new ap-
proaches in the pipeline, such as using optical waveguides
or photonic bandgap crystals to engineer electromagnetic
modes and hence interatomic interactions [37–39]. This
experimental activity has driven new interest in under-
standing how LRI influence both equilibrium and non-
equilibrium behavior in QMB systems [40–50], with a
focus on simulating quantum spin and Hubbard mod-
els. However, the versatility of atomic systems allows
for new regimes and couplings, including gravity-like at-
tractive 1/r interactions [51–53], and also cosine-type in-
teractions. The latter interactions occur between atoms
in optical cavities [54–62] and are also the basis of the
Hamiltonian Mean Field (HMF) model.

The HMF model has served as a theoretical paradigm
in the study of classical many-body systems with LRI
for over twenty years, having been proposed in 1995 [63–
69]. The one-dimensional version (with which we are
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exclusively concerned in this paper) can be defined on a
ring of radius R, and describes N particles interacting
via a pair-wise potential varying as cos (θi − θj). The
Hamiltonian is written as

H =
∑
i

L2
i

2mR2
+

ε

N

∑
i<j

cos(θi − θj) (1)

where each angular momentum Li and position θi form
a canonically conjugate pair (Li, θi). When two particles
sit on top of one another the potential is repulsive (at-
tractive) when ε > 0 (ε < 0). The explicit 1/N factor
in the interaction term, known as the Kac prescription
[70], enforces extensivity of the Hamiltonian although H
remains non-additive due to the nature of LRI [68].

Despite its name, the HMF model is a many-body
model. The name “mean field” derives from the contrast
to short-range interactions: long-range interactions im-
ply that each particle experiences an averaged and hence
more similar total potential. In fact, the cosine potential
is the leading order term in the Fourier series expansion
of a 1/r interaction in a one-dimensional periodic sys-
tem and captures the long-range nature of the interaction
while avoiding the singularity at r = 0 [69].

A complementary interpretation of Eq. (1) is as a ki-
netic XY model [71] with an infinite-range interaction.
An ordered state with a finite magnetization in some di-
rection corresponds, in the particles on a ring version, to
a clustering of particles at some position around the ring.
Connections to tunable XY models with weakly decay-
ing interactions are possible provided the model refers to
physical rotors whose motion carries kinetic energy (e.g.
using polar molecules in an optical lattice [72–74]).

The appeal of the HMF model lies in its ability to
capture generic features of LRI present in other more
realistic but at the same time more complicated models of
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physical systems [64, 68, 69]. It has helped to shed light
on problems in fields as varied as astrophysics, plasma
physics, and non-equilibrium statistical mechanics [68,
69]. Key features of the HMF model include:

1. An analytically calculable classical partition func-
tion [64].

2. An equilibrium second-order phase transition be-
tween a paramagnetic (homogeneous density)
phase and a ferromagnetic (inhomogeneous den-
sity) phase as the temperature is lowered [64]. In
non-equilibrium situations this becomes a first or-
der transition [75].

3. Although not present in the one-dimensional case,
the higher-dimensional HMF model displays en-
semble inequivalence, e.g. different results pre-
dicted by the canonical and microcanonical ensem-
bles, including negative specific heat in the micro-
canonical ensemble [76].

4. Dynamics are characterized by long relaxation
times during which the system becomes trapped in
non-equilibrium states known as quasi-stationary
states (QSS), where certain macroscopic variables
evolve very slowly, before eventually relaxing to
Maxwell-Boltzmann equilibrium [66, 77–79].

The sine qua non feature of dynamics of systems
with LRI—of which non-neutral plasmas [80, 81] and
self-gravitating systems [82, 83] are two prominent
examples—is long relaxation times. Starting from a
generic (i.e. non-virialized) initial state, we have the fol-
lowing universal two-stage picture of the time evolution
of classical systems with LRI [68, 69]: Firstly there is a
rapid process called violent relaxation, which is a colli-
sionless relaxation mechanism whose timescale does not
depend on the number of particles N and which results
in QSS. Secondly, at long times, there is collisional re-
laxation towards Maxwell-Boltzmann equilibrium. How-
ever, this occurs at times of order Nδ, where δ ≥ 1
[66, 77], and thus, in thermodynamic limit N → ∞ the
lifetime of the QSS diverges and we are always out of
equilibrium.

Violent relaxation is collisionless in the sense that it
can be described using the Vlasov equation (collisionless
Boltzmann equation). It is characterized by rapid collec-
tive density modulations which are both driven by—and
feed—rapid temporal oscillations in the mean-field po-
tential. Individual particles have a particle-wave type
interaction with the mean-field potential causing some of
them to be driven to higher energy while the collective
motion is damped (a form of Landau damping). How-
ever, the lack of collisions means that violent relaxation
cannot increase the phase-space density beyond its ini-
tial maximum value and hence does not lead to Maxwell-
Boltzmann equilibrium.

Historically, the first, and most famous, statistical de-
scription of the late-times of systems undergoing violent
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FIG. 1. Violent relaxation in the HMF model illustrated using
the Newtonian trajectories for 52 particles with (a) attractive
and (b) repulsive interactions. At t = 0 the particles are
spaced evenly around the ring with very slightly varying ini-
tial velocities vi(θ, 0i) = 0.005 cos θ. In both cases the LRI
cause the particles to cluster and this behaviour repeats such
that the envelopes of the trajectories form a quasi-periodic
series of cusp-shaped caustics (“chevrons” in the language of
Ref. [65]). However, there are key differences: attractive in-
teractions give rise to a single cluster point (mono-cluster)
around the ring whereas repulsive interactions produce two
cluster points (bi-cluster). In fact, the mechanism underly-
ing the clustering is different in the two cases as suggested
by the very different time scales on the two plots. Careful
examination of the trajectories in plot (b) reveals finer fast
oscillations or micro-motion whose frequency corresponds to
that of the clustering in the attractive case and is associated
with a plasma-like frequency.

relaxation was proposed by Lynden-Bell [84]. Assum-
ing an ergodic and incompressible flow in phase space,
a Fermi-Dirac-like distribution, known as Lynden-Bell
statistics, was proposed. Numerical simulations of self-
gravitating systems demonstrated its validity for initial
conditions with a small virial ratio, defined as the ra-
tio of kinetic to gravitational potential energy [85–87],
but found a more complicated distribution at higher
virial ratios. Only fairly recently was it realized that
a two-parameter “Core-Halo” distribution gives a bet-
ter description, especially for large initial virial ratios
[75, 81, 88, 89]. The halo is a hot dilute cloud of particles
heated by violent relaxation, whereas the cold dense core
is made of those cooled by it.

In the case of the one-dimensional HMF model, the
nature of the Maxwell-Boltzmann equilibrium state de-
pends both on the temperature and the sign of the in-
teractions. For repulsive interactions (ε > 0) the equilib-
rium configuration always corresponds to a homogeneous
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density, whereas for attractive interactions (ε < 0) there
is a symmetry breaking transition below a critical tem-
perature to an inhomogeneous state where particles are
clustered around a single point on the ring. If one starts
from a “water bag” distribution for the phase space den-
sity f(θ, L) ∝ Θ(θ0 − |θ|) × Θ(L0 − |L|), correspond-
ing to a rectangular top-hat distribution in phase space
bounded by maximum angular momenta ±L0 and max-
imum displacements ±θ0, where Θ(x) is the Heaviside
step function, one finds that for attractive interactions vi-
olent relaxation leads to a Core-Halo distribution [75]. In
this paper we are interested in the low-temperature limit
where the rectangle becomes very thin in the L-direction;
there is then a well-defined initial angular momentum at
each position. The violent relaxation following from this
initial condition has been previously investigated in the
classical HMF model [63, 65, 90–92], and we have re-
produced some sample dynamics in Fig. 1. In both the
attractive and repulsive cases the initial uniform density
(with very small angular momentum perturbations) is
unstable to particle clustering. The envelopes of the par-
ticle trajectories form striking cusp-shaped shockwaves
(referred to as chevrons in Ref. [65]) which dissipate and
then reform periodically; these density oscillations per-
sist for an incredible number of periods of which only the
first few are shown. However, there are significant dif-
ferences between the two cases, with the repulsive case
presenting a bi-cluster and having a much longer period
(note the difference in timescale between the two plots).
Indeed, the similarities are somewhat illusory because,
according to catastrophe theory, cusp shaped singulari-
ties are the only structurally stable singularities in two
dimensions, here one space and one time, and are thus
bound to occur generically [93].

For attractive interactions, it is perhaps intuitive that
a uniform density is unstable to clustering which may be
viewed as a form of Jeans instability. However, the same
can not be said for the repulsive case, especially consid-
ering that we are starting from a distribution which can
be arbitrarily close to the equilibrium state (a uniform
stationary distribution). In fact, initially linear plasma-
like dynamics lead to a rapidly oscillating mean field po-
tential, allowing the constituent particles to redistribute
their energy in such a way that clustering can take place
[65]. These plasma oscillations can just be discerned in
Fig. 1b as small amplitude high frequency wiggles in each
trajectory that are superimposed on the back of the much
slower and larger amplitude oscillations that are responsi-
ble for the periodic bi-cluster formation. The latter slow
emergent dynamics is an example of a QSS. The exotic,
and unintuitive, characteristic of the bi-cluster is that the
closer a given set of initial conditions are to equilibrium,
the more violent the focusing becomes, and the longer
the lifetime of each realization of a pair of cusps.

In this paper we use a generalized Gross-Pitaevskii
equation (GGPE) to describe clustering dynamics in a
BEC subject to the HMF Hamiltonian given in Eq. (1).
Our motivation is twofold: the HMF model is useful for

bringing out generic features of LRI as we have described
above, but it is also specifically relevant to describ-
ing atoms in optical cavities where the clustering phe-
nomenon is considered to be a form of self-organization
and is related to the non-equilibrium Dicke phase tran-
sition [54–62]. A number of experimental groups have
succeeded in trapping ultracold atomic gases and BECs
in optical cavities [94–98], and the Dicke phase transition
has been observed in this system [32]. This work there-
fore has experimental relevance, although we consider a
closed system and so do not include the important effects
of cavity pumping and decay.

The difference between the collisionless quantum hy-
drodynamics described by the GGPE and classical invis-
cid hydrodynamics is the inclusion in the former of the
so-called quantum pressure term, i.e. zero-point motion,
which tends to suppress density fluctuations. An im-
portant question for us to answer, therefore, is how the
quantum pressure affects violent relaxation and the clus-
tering phenomenon. Our work builds on previous studies
of the quantized HMF model at equilibrium by Chava-
nis [99, 100]. Significantly, he showed that the quan-
tum pressure could stabilize the ground state against the
Jeans instability (mono-cluster). By contrast, our pri-
mary goal in this paper is to understand the fate of the
bi-cluster upon including quantum effects, because it is
an essentially non-equilibrium feature. Our study is the
first to incorporate quantum effects into the dynamics
of the HMF model. Furthermore, we connect quantum
interference patterns that appear in our numerical sim-
ulations to wave catastrophes [101]. To the best of our
knowledge, this is the first identification of higher wave
catastrophes (beyond the Airy function) in a non-linear
wave equation.

This paper is organized as follows: In Section II we re-
view important features of the HMF model’s classical dy-
namics, using the Vlasov equation to study mono- and bi-
cluster formation, and focusing on the zero-temperature
limit described by the Euler hydrodynamic equations. In
Section III we introduce the GGPE for studying the HMF
model’s quantum dynamics and make a Madelung trans-
formation to a hydrodynamic representation that allows
direct comparison to the classical Euler equations. Our
numerical solutions of the GGPE are presented in Sec-
tion IV where we explore how quantum effects modify
the clustering phenomena and summarize our results in
a non-equilibrium ‘phase diagram’. In Section V we take
the opportunity to make some comments on the commu-
tativity, and potential lack thereof, between the ~ → 0
and N → ∞ limits, before making our concluding re-
marks in Section VI.

II. CLASSICAL DYNAMICS: TRAJECTORIES,
CAUSTICS, AND VIOLENT RELAXATION

While our primary interest is in the role of quantum
effects, many qualitative features of our results can be
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understood by comparison with the HMF’s classical dy-
namics. In this section we provide a brief review of the
essential details of the HMF model’s classical dynamics
as presented, e.g., in Ref. [65].

Consider the phase space density f(θ, L, t) :=

〈
∑N
i δ[θ − θi(t)]δ[L− Li(t)]〉, which is obtained by aver-

aging over all particles. A coherent mean-field potential
has the propensity to focus individual particle trajecto-
ries to form caustics which are singularities of f(θ, L, t).
The proper mathematical description of such singulari-
ties is via Thom’s celebrated catastrophe theory, which
partitions them into a hierarchy of equivalence classes
(“catastrophes”) that are structurally stable with respect
to small perturbations [93, 102]. Each of Thom’s seven
elementary catastrophes is associated with a geometric
shape which displays structural stability implying that
these shapes occur generically in nature. In the case of
a two-dimensional space, such as the θ − t plane (or the
L− t plane), generic caustics are “fold” lines which meet
at cusps [103], these being the first and second catas-
trophes, respectively, in Thom’s hierarchy. Referring to
Fig. 2, we see that the initial set of points in phase-space
sweeps out a sheet in time and becomes folded over so
that there are three layers above each point (θ, t) inside
the cusp and only one layer above each point outside.
The number of trajectories passing through each point
therefore changes by two as we cross a fold line.

As introduced in Section I, the dynamical HMF model
displays two rather different instabilities: a conventional
Jeans-like [104] instability driven by attractive LRI, and
a more exotic bi-cluster instability that emerges for initial
conditions that are arbitrarily close to equilibrium. In the
two-dimensional θ − τ plane both of these instabilities
lead to cusp caustics as shown in Fig. 1. An analytic
description of this phenomena has been given by Barré
et al. [65, 91] by studying the Vlasov equation in the
so-called zero-temperature limit, as outlined below.

A. Vlasov Equation

The Vlasov, or collisionless Boltzmann, equation dic-
tates the evolution of the phase space density f(θ, L, t)
via the conservation law [105]

df

dt
= ∂tf + θ̇ ∂θf + L̇ ∂Lf = 0 (2)

where L̇ = −ε∂θΦ and Φ denotes the mean-field potential
defined as

Φ(θ, t) :=

∫
dLdφ f(φ,L, t) cos(θ − φ)

= M(t) cos[θ − ϕ(t)].

(3)

The last line of this equation represents a remarkable sim-
plification. Unlike the equations describing other LRI
systems, such as the GGPE for dipolar BECs or the

FIG. 2. The formation of a cusp catastrophe: illustration of
how a line of initial data in phase-space (i.e. a vanishingly
thin waterbag distribution) is folded over by the dynamics.
Projecting down onto the θ− t plane produces a cusp shaped
envelope on which the density of trajectories diverges. This
cusp catastrophe is structurally stable against perturbations
and hence occurs generically without the need for special ini-
tial conditions. In the case of the bi-cluster this folding occurs
simultaneously at two symmetric points around the ring.

Schrödinger-Poisson equation, here the mean-field poten-
tial always assumes the same functional form and is spec-
ified by only two time-dependent parameters: the depth,
or magnetization M(τ), and a phase ϕ(τ). Thus, Φ(θ, t)
is highly constrained and can only change its depth and
position around the ring. This result can be easily de-
rived and is discussed in Appendix A.

The Vlasov equation is a mean-field equation because
it deals exclusively with the averaged particle density
f(θ, L, t). Whereas the Boltzmann equation has knowl-
edge of particle-particle correlations via the collision inte-
gral, this is neglected in the Vlasov equation. Hepp and
Braun have rigorously shown that Eq. (2) provides an
exact description of a Newtonian N-body system inter-
acting via a pair-wise long range potential in the N →∞
limit [106]. Finite N corrections appearing as collisional
terms on the right hand side of Eq. (2) are suppressed
in the case of the HMF model, and one can show an-
alytically that these are o(1/N) [107], while numerical
evidence for the HMF model suggests a suppression of
O
(
1/N1.7

)
[77, 108]. The physical reason for neglect-

ing two-body collisional terms is that the number of LRI
scales as O

(
N2
)

while collisional terms are O(N).
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B. The zero-temperature limit

In general, the initial data f(θ, L, 0) will have a fi-
nite width ∆L of momentum values, like in the waterbag
distribution. However, in the special case where each
point in space can be assigned a definite velocity, i.e.
f(θ, L, 0) = ρ(θ)δ[v(θ) − L], then Eq. (2) can be re-
expressed in an Euler (i.e. hydrodynamic) form. This
is what constitutes the zero-temperature approximation.

It is convenient to re-scale time in such a way that is
equivalent to setting R = m = 1 and ε = ±1; we also
normalize the density via

∫
dθρ(θ) = 1. This introduces

a new time τ = t/
√
mR2|ε| and velocity ṽ(θ) = v(θ) ·√

mR2|ε|. Written in terms of these quantities, the Euler
equations are given by

∂τρ+ ∂θ(ρṽ) = 0 (4a)

∂τ ṽ + ṽ∂θṽ + sgn(ε) ∂θΦ = 0 (4b)

and can be interpreted as the equations of motion for a
fluid undergoing adiabatic and inviscid flow [109]. Note
that the integration over momentum in Eq. (3) is re-
moved by the Dirac δ-function δ[v(θ) − L], and conse-
quently within the zero-temperature approximation the
mean-field potential depends on the density profile via

Φ(θ, τ) =

∫
dφ ρ(φ, τ) cos(θ − φ)

= M(τ) cos[θ − ϕ(τ)].

(5)

C. Linearized analysis of Jeans instability

Attractive interactions induce a Jeans-like instability
in the HMF model. The onset of the collapse can be
understood by linearizing the hydrodynamic equations
about the static and homogeneous solution {ρ0(θ) =
1/2π, ṽ0 = 0}. Working to leading order in the linearized
solutions ρ1 and ṽ1, one finds

∂τρ1 +
1

2π
∂θṽ1 = 0 (6a)

∂τ ṽ1 + sgn(ε) ∂θΦ[ρ1] = 0. (6b)

Using the Fourier components v̂k and ρ̂k, related to the
linearized solutions via ṽ1(θ) =

∑
v̂ke

ikθ and ρ1(θ) =∑
ρ̂ke

ikθ, leads to

∂τ ρ̂k +
1

2π
ikv̂k = 0 (7a)

∂τ v̂k + i sgn(k) sgn(ε) π δ|k|,1 ρ̂k = 0, (7b)

from which we see immediately that each Fourier com-
ponent’s linear dynamics are independent, and that only

the k = ±1 components are influenced by the mean-field
potential. Converting the set of coupled first order ODEs
in Eq. (7) for uncoupled second order ones yields equa-
tions describing two harmonic oscillators, whose initial
conditions are related by Eq. (7). The oscillation fre-
quencies are given by

ω2
k =

sgn(ε)

2
δ|k|,1k

2. (8)

Meanwhile, for the k 6= ±1 Fourier components, the
solutions are of the form v̂k(t) = v̂k(0) and ρ̂k(t) =
ρ̂k(0) − (ik/2π)v̂k(0)τ . If excited these modes will grow
freely until they eventually invalidate the linear approx-
imation. Provided v̂k(0) is small, then the growth of ρ̂k
is slow and negligible compared to non-linear effects dis-
cussed below.

The k = ±1 Fourier components experience an imag-
inary frequency when the interactions are attractive,
which implies that ρ1 and ṽ1 undergo exponential growth,
rapidly breaking the linear assumption. The resulting
caustics in the fully self-consistent non-linear description
are shown in Fig. 1a and schematically in Fig. 2. Within
the zero-temperature approximation one obtains a singu-
lar density profile in finite time, but if the initial phase
space density has a finite width ∆L the density profile
near the caustic is regulated to a finite value of O(1/∆L).
It is interesting to note that analogous caustics occur in
self-gravitating systems, and are claimed to be responsi-
ble for the large scale structure of the universe [110, 111].

D. Formation of the bi-cluster

In the case of repulsive interactions the frequency
ω|k|=1 is real, and the linearized dynamics describing
{v̂|k|=1, ρ̂|k|=1} are oscillatory; following Ref. [65] we
refer to this excitation as a plasma wave. For the
initial conditions we choose ṽ1(θ, 0) = Aωpl cos θ and
ρ(θ, 0) = 1/2π, where A� 1, corresponding to a uniform
density plus a small position dependent velocity modu-
lation ṽ1(θ) = Aωpl cos θ. The solutions to the linearized
equations of motion, Eqs. (6a) and (6b), with these initial
conditions are [91]

ρ1 = − A

2π
sin(ωplτ) sin θ , ṽ1 = Aωpl cos(ωplτ) cos θ (9)

where, according to Eq. (8), ωpl := ω1 = 1/
√

2, denotes
the plasma wave’s frequency. As will be shown below,
unlike for attractive interactions, the formation of the
bi-cluster is not driven directly by the rapidly oscillat-
ing mean-field potential, but rather by a slowly evolving
effective potential Veff induced by time-averaged linear
plasma oscillations.

As we first saw in Fig. 1, the bi-cluster forms very
slowly in comparison to the plasma period and this sug-
gests a multiple scales analysis [91]. Consequently, we
consider ṽ(θ, τ) = ṽ1(θ, τ) + Aũ(θ, T ) where T = Aτ is
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O(1) when the fast time τ is O(1/Aωpl); note this hierar-
chy is only present for A � 1. Inserting this expression

into Eq. (4b), and averaging over many plasma oscilla-
tions leads us to

A2∂T ũ−
ω2

plA
2

2
sin(2θ) cos2(ωplτ)︸ ︷︷ ︸
ṽ1∂θ ṽ1

+A2ũ∂θũ+ ω2
plA

2 [cos θ∂θũ− ũ sin θ] cos(ωplτ) =

∫ π

−π
ρ(θ′, τ) sin(θ − θ′)dθ′ − ∂ṽ1

∂τ︸ ︷︷ ︸
L

time averaged =⇒ ∂T ũ+ ũ∂θũ = −〈ṽ1∂θṽ1〉T := −∂θVeff(θ) where Veff(θ) =
1

A2

[
A2ω2

pl

8
cos 2θ

]
.

(10)

In going from the first line to second line we have used
the fact that the convolution on the right hand side de-
pends only on the first Fourier component of the density
ρ̂k=±1 and consequently the quantity L vanishes at all
times [112] because it corresponds exactly to Eq.(6b).
This gives a remarkably simple result [65, 91]: the slow
velocity field ũ(θ, T ) obeys an Euler equation driven by
Veff(θ) [compare with Eq. (4b), the original Euler equa-
tion obeyed by the full velocity field]. Veff is derived from
the square of the plasma wave and hence corresponds to
a potential with two minima around the ring, giving rise
to two symmetric clustering points as illustrated in Fig.
3. Furthermore, there is negligible back-action on the
plasma wave by the slow dynamics: Veff is invariant un-
der θ → θ + π, and consequently only influences ρ̂k and
v̂k for k even. We therefore expect the linear dynamics
of the first Fourier component to continue to be a good
approximation even at late times.

The first appearance of the bi-cluster state can be esti-
mated by considering Eq. (10), whose characteristics are
Jacobi elliptic functions. Near a minimum of Veff these
are approximately cosine functions, and we can approxi-

mate Veff ≈
ω2

pl

4 (θ − θmin)2. This identifies the frequency
of the bi-cluster oscillation in the original fast time co-
ordinate as ωeff = Aωpl/

√
2. Consequently, the first bi-

cluster will appear at one quarter the oscillator period
Tbc = π/2ωeff = π/

√
2Aωpl [65]. In addition to determin-

ing the hierarchy of time scales in the classical dynamics,
the depth of Veff also turns out to dictate the importance
of quantum effects for the long-time dynamics. This will
be discussed further in Sections III C and III D.

E. Connection to quantum dynamics: wave
catastrophes

Cusp caustics formed by the envelopes of classical tra-
jectories are universal because they correspond to physi-
cal realizations of structurally stable catastrophes. This
universality also extends into the wave/quantum realm
where catastrophes give rise to universal wave patterns
known as wave catastrophes or diffraction integrals [101].
This provides a rather well defined connection between

FIG. 3. Schematic illustration of how the slow effective po-
tential Veff is generated, and the role it plays in the formation
of bi-clusters. The key point is that the driving term in the
equation for the slow dynamics [second line in Eq. (10)] de-
pends on the time average of the square of the fast plasma
wave velocity ṽ1(θ, τ) which is depicted in blue at the front
face of the figure and is given in Eq. (9). Since ṽ1 has a
standing wave profile with spatial period of 2π, ṽ2

1 gives rise
to a potential with two symmetric minima at the nodes of
the standing wave. The slow dynamics therefore takes place
in an effective potential of spatial period π giving rise to bi-
clustering around the ring. For clarity we have only plotted
trajectories in the right-hand well of Veff.

the classical and quantum dynamics which we now dis-
cuss.

As we have seen, the dynamical clustering phenomenon
is an example of a cusp catastrophe. Each catastrophe is
associated with a universal generating function, which in
more physical language is an action. Fold lines are gen-
erated by a cubic action Sf (C1, s) = C1s + s3 whereas
the cusp is generated by a quartic action Sc(C1, C2; s) =
C1s+C2s

2 + s4, where {C1, C2} are control parameters,
e.g. coordinates, and s parameterizes paths. Classical
paths are, of course, those that satisfy the principle of sta-
tionary action ∂S/∂s = 0, and in the case of the fold the
cubic action has two stationary points which coalesce on
the caustic itself at C1 = 0. The cusp has in general three
stationary points: these coalesce in pairs as one crosses ei-
ther of the two fold lines obeying C1 = ±

√
8/27(−C2)3/2,
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and the most singular point is the tip of the cusp at
C1 = C2 = 0 where all three stationary points coalesce
together.

The fact that a catastrophe can be expressed in terms
of an action provides a route to quantization by using the
Feynman path integral prescription. Here one sums over
all paths, not just the classical ones, and the amplitude
associated with each path is exp(iS/~). In this way one
obtains the wave catastrophes [101]

Ψ(C) =
1√
~

∫ ∞
−∞

eiS(C;s)/~ds , (11)

which are the universal wave functions dressing catastro-
phes. In the case of the fold the cubic action gives rise to
a function that, appropriately scaled, can be recognized
as the Airy function

Ψf (C1) =

∫ ∞
−∞

ei(C1s+s
3)ds

=
2π

31/3
Ai

[
C1

31/3

]
. (12)

For the cusp one obtains the less familiar Pearcey func-
tion [113]

Ψc(C1, C2; 1) =

∫ ∞
−∞

ei(C1s+C2s
2+s4)ds

= Pe(C1, C2) (13)

which is a two-dimensional complex-valued function that
is tabulated in mathematical handbooks [114]. We plot
the cusp caustic generated by classical paths in Fig. 4a
and the modulus of the Pearcey function in Fig. 4b. Cru-
cially, wave interference removes the singularity due to
the diverging density of classical paths and replaces it
with a characteristic wave pattern. If the mono- and the
bi-clusters of the HMF model survive in the presence of
zero-point motion then we expect them to appear in the
form of Pearcey interference patterns.

III. QUANTUM DYNAMICS: GENERALIZED
GROSS-PITAEVSKII EQUATION

The identification of clustering dynamics as caustics in
the classical model is highly suggestive that wave catas-
trophes should appear in the quantum dynamics. How-
ever, it remains to be shown that clustering survives at
all in the quantum theory. Quantum theory is not merely
a passive interference pattern on top of the classical dy-
namics; the density fluctuations associated with cluster-
ing involve strong curvature of the wave function which
costs energy. In the case of the bi-cluster, the system can
start arbitrarily close to equilibrium such that the ener-
gies involved are infinitesimal, and so it is conceivable
that the large classical density fluctuations will be ener-
getically forbidden in the quantum regime. Furthermore,
the multi-scale analysis outlined in Ref. [91] and reviewed

(a) Cusp catastrophe (b) Pearcey function

FIG. 4. Classical trajectories in two dimensions generically
form cusp-shaped caustics where the density of trajectories
diverges, as shown in (a). In the wave/quantum theory inter-
ference removes the singularity and replaces it with a universal
wave function, the Pearcey function Pe(x, y), which is valid in
the immediate locale of the caustic. In (b) we plot |Pe(x, y)|.
Note that this function contains interesting sub-wavelength
features such as vortices at its nodes.

in Section II relies on long-time dynamics. Given that
quantum dynamics are no-longer well approximated by
their classical counterparts after the so-called Heisenberg
time [115], it is natural to ask whether a classical analy-
sis is useful in understanding the HMF model’s quantum
dynamics.

We remind the reader that despite its name the HMF
model described by Eq. (1) is not a mean field model,
i.e. does not describe the system in terms of a single ef-
fective particle. Rather, it provides an exact description
of a many-body system in one dimension with periodic
boundary conditions. For pure quantum states, at any
time τ the quantum system is fully specified by a many-
body wave-function ψ(θ1, θ2, ..., θN , τ), with {θi} a set
of N independent variables. The associated state |ψ(τ)〉
will in general be entangled; even if it is initially sep-
arable it need not remain so at later times. However,
if we consider indistinguishable bosons, in the large-N
regime and at very low temperatures, the system can be
expected to Bose condense. If all the bosons enter the
condensate then ψ can be written as a product of single-

particle wave-functions [i.e. ψ =
∏N
i=1 ϕ(θi)] which must

be found self-consistently due to the effect of interac-
tions. This is the Hartree description and treats the N -
particle system in terms of a condensate wave function,
ψ(θ1, θ2, ..., θN , τ) → Ψ(θ, τ), which depends on a single
spatial coordinate and obeys a nonlinear wave equation,
the Gross-Pitaevskii equation [116].

Bose condensation therefore naturally leads to a mean
field-type description and we will assume this situation in
our treatment of the quantum problem. In this context
it is important to point out that the Mermin-Wagner
theorem [117–119], which forbids Bose condensation in
infinite one-dimensional systems with short range inter-
actions, does not apply here because our system has both
finite size and LRI.



8

A. Gross-Pitaevskii theory

The Gross-Pitaevskii theory is an interacting classi-
cal field theory for the condensate wave function Ψ(r, t)
based upon the energy functional

E[Ψ] =
~2

2m

∫
|∇Ψ(r, t)|2 dr

+
1

2

∫ ∫
|Ψ(r′, t)|2 V (r− r′) |Ψ(r, t)|2 drdr′.

(14)

With the energy functional written in this form, the con-
densate wave function should be normalized to the to-
tal number of particles

∫
dr|Ψ|2 = N . When applied to

the standard case of atomic gases with short range in-
teractions, the potential V (r− r′) is not the true micro-
scopic two-body interaction which is typically deep and
complicated (and unknown). Rather, it is necessary to
perform a renormalization procedure to obtain a pseudo-
potential which reproduces the low-energy (large distance
scale) scattering properties of the true interaction. This
is the appropriate description at the level of the conden-
sate wave function which does not contain two-body (or
higher) correlations. Here, short-range interactions are
those that fall off fast enough (faster than r−3 in three di-
mensions) such that a scattering theory approach can be
taken, and at low energies the interactions are fully char-
acterized by as. The pseudo-potential can then be chosen
to be a contact potential V (r−r′) = gδ(r−r′), where g =
4πas~2/m [116, 120, 121]. The equation of motion for the
condensate wave function, i~∂tΨ = δE/δΨ∗, yields the
time-dependent Gross-Pitaevskii equation (GPE), and
with the contact pseudo-potential it takes the form of a
non-linear Schrödinger equation with a local cubic non-
linearity

i~∂tΨ = − ~2

2m
∇2Ψ + g|Ψ|2Ψ. (15)

By contrast, if potential is soft like the sinusoidal po-
tential in the HMF model, one can use it directly within
the Gross-Pitaevskii theory. Furthermore, the presence
of long-range interactions renders the scattering theory
approach inefficient because many partial waves can be
involved. Without the contact pseudo-potential the GPE
becomes an integro-differential equation known as the
generalized Gross-Pitaevskii equation (GGPE) which has
previously been successfully employed to treat dipolar
Bose gases [122–125]. In the case of the HMF model,
the Gross-Pitaevskii energy functional has been given by
Chavanis [100]

E[Ψ] =
N~2

2mR2

∫
|∂θΨ|2 dθ

+
Nε

2

∫ ∫
|Ψ(θ′)|2 cos(θ − θ′) |Ψ(θ)|2 dθdθ′ .

(16)

Note that here the condensate wave function is normal-
ized to unity:

∫
dθ|Ψ|2 = 1. This ensures that Eq. (16)

is extensive. One finds that the corresponding GGPE is
[100]

iχ̃∂τΨ = − χ̃
2

2
∂2
θΨ + sgn(ε)Φ(θ, τ)Ψ (17a)

where Φ(θ, τ) =

∫ π

−π
|Ψ(φ, τ)|2 cos(θ − φ)dφ . (17b)

The parameter χ̃ := ~/
√
|ε|mR2 serves as a dimension-

less Planck’s constant[126]. As in the case of the classical
Euler equations [Eq. (4)], we have re-scaled time by in-

troducing τ = t/
√
mR2|ε|. Equations (17a) and (17b)

must be solved self-consistently. Fortunately, like in the
classical model, the exact mean field potential takes the
form of a sinusoid (see Appendix A)

Φ(θ, τ) =

∫ π

−π
dφ ρ(φ, τ) cos(θ − φ)

= M(τ) cos[θ − ϕ(τ)]

(18)

specified by just two parameters M(τ) and ϕ(τ). Here we

have used the fact that |Ψ(φ, τ)|2 is the probability den-
sity equivalent to the particle density ρ(φ, τ) in the zero-
temperature classical theory discussed in Section II B.

For LRI, the Gross-Pitaevskii theory is valid in the
high density limit where correlations are weak: for an
early discussion in the context of the charged Bose gas see
Ref. [127]. The validity of the Gross-Pitaevskii treatment
has also been established rigorously for boson stars [128]
and most recently for dipolar BECs [122]. For a more
detailed discussion of the validity of the Gross-Pitaevskii
theory for our system see Appendix B.

B. Quantum Euler equations

The GGPE can be re-cast in a hydrodynamic form that
closely resembles the classical Euler equations. Express-
ing the generally complex condensate wave function as

Ψ =
√
ρeiS̃/χ̃ we can transform Eq. (17) into two cou-

pled equations describing the evolution of the density ρ

and a velocity profile ṽ = ∂θS̃. The dynamics are then
controlled by the quantum Euler, or Madelung, equations
[100]

∂τρ+ ∂θ(ρṽ) = 0 (19a)

∂τ ṽ + ṽ∂θṽ + sgn(ε) ∂θΦ = −∂θ
(
χ̃2

2

∂2
θ

√
ρ

√
ρ

)
. (19b)

The expression on the right-hand side is often referred to
as the quantum pressure; physically it arises from zero-
point kinetic energy and is capable of suppressing the
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Jeans instability as pointed out by Chavanis [100]. Here
it is written as the gradient of the so-called quantum
potential

Q =
χ̃2

2

∂2
θ

√
ρ

√
ρ

(20)

and is in fact the only formal mathematical difference
between the classical Euler equations, given in Eqs. (4a)
and (4b), and the quantum ones. This description in
terms of hydrodynamic variables is exact (within the
Gross-Pitaevskii theory) and intimately linked with the
assumption of a condensate. It allows us to completely
describe the system via two variables, the density and the
phase, which would not be possible for a generic many-
body wave-function which would exhibit non-trivial den-
sity and phase fluctuations.

C. Bogoliubov spectrum

The Bogoliubov theory of a weakly interacting Bose
gas accounts for small excitations out of the condensate.
The spectrum of these excitations can be obtained by
linearizing the Gross-Pitaevskii equation or equivalently
the quantum Euler equations [116]. Thus, we linearize
Eqs. (19a) and (19b) about a spatially homogeneous den-
sity ρ0 = 1/2π with zero velocity ṽ0 = 0 and obtain

∂τρ1 + ρ0∂τ ṽ1 = 0 (21a)

∂τ ṽ1 + ∂θ

(
sgn(ε)Φ[ρ1] +

χ̃2

4ρ0
∂2
θρ1

)
= 0. (21b)

Comparing these equations with their classical counter-
parts given in Eq. (6), we see that the quantum equations
feature a correction to the velocity equation proportional
to χ̃2. In both the classical and quantum linear theories
each Fourier component evolves as an independent oscil-
lator of frequency ωk; proceeding in direct analogy to our
treatment of the classical case given in Eq. (6)–Eq. (8)
yields the Bogoliubov spectrum [100]

ω2
k =

1

2

(
1

2
χ̃2k4 + sgn(ε) δ|k|,1k

2

)
. (22)

One sees that the Fourier components with k 6= ±1
evolve as free massive particles, ωk ∝ k2. Their effective
mass 1/χ̃2 is purely quantum in origin, whereas in the
classical case these modes had infinite mass and hence
zero frequency. Quantum effects also modify the fre-
quency of the k = ±1 modes. In the classical case these
modes have imaginary frequencies, and hence are unsta-
ble (to the Jeans instability), for any ε < 0. By contrast,
in the quantum case the frequencies are real, and hence
the system is stabilized, providing χ̃ >

√
2 [100]. Turn-

ing to repulsive (ε > 1) interactions, in the regime where
quantum effects are small χ̃ � 1 the frequencies of the

k = ±1 modes satisfy ω±1 ≈ ωpl + O
(
χ̃2
)

and conse-
quently behave like the classical plasma oscillations.

The frequencies ω±1 are still fast relative to the other
Fourier modes provided χ̃ � 1, and so the time aver-
aging procedure outlined in Section II remains valid. In
particular, the arguments below Eq. (10) still apply in
the quantum case, and hence the time-averaged linear
dynamics of ρ̂k and v̂k for k = ±1 continue to provide an
accurate description over reasonably long times (i.e. we
can still assume 〈L〉τ = 0). As in the classical case, we
thereby arrive at an equation governing the slow drift of
the velocity ũ(T , θ)

∂T ũ+ ũ∂θũ = − 1

A2
∂θ [Veff +Q]

= − 1

A2
∂θ

[
A2ω2

1

8
cos 2θ +

χ̃2

2

∂2
θ

√
ρ

√
ρ

]
.

(23)

Comparing with Eq. (10), which explains the appearance
of the bi-cluster in the classical dynamics, we see that the
time-averaged effective potential Veff is supplemented by
the quantum potential. Thus, the bi-cluster dynamics
are modified by quantum effects. In fact, the above cal-
culation assumes that χ̃� 1 and hence in a more quan-
tum regime where χ̃ ∼ 1 violent relaxation (bi-cluster
formation) might be strongly affected. We examine this
situation in more detail below, and also in Section IV
where we report the results of a numerical solution of
the full quantum equations.

D. Quantum vs. classical dynamics

We reserve the word classical for the ~ → 0 limit,
which we emphasize as distinct from the Hartree/Gross-
Pitaevskii level of description in which many-body fluctu-

ations of the field operator Ψ̂(θ, τ) are neglected and the
system is described by a classical complex-valued field

Ψ̂(θ, τ) → Ψ(θ, τ). With this definition, and compar-
ing the classical and quantum Euler equations, it is clear
that the dimensionless Planck’s constant χ̃ controls the
magnitude of quantum effects. However, we caution the
reader that, due to the non-linearity of the problem, the
question of precisely under what conditions the quantum
behavior resembles the classical behavior can be rather
subtle.

As a first approach, one can consider the (self-
consistent) depth of the mean-field potential M(τ) which
is a time-dependent quantity. For example, if at some
point in time M(τ) becomes large then there are instan-
taneously states in the cosine potential well with large
quantum numbers and the dynamics can resemble the
predictions of the classical Euler equations, especially if
the quantum variables are averaged over small spatial dis-
tances to remove interference effects. Conversely, if the
cosine potential well always remains shallow we would
expect distinctly quantum behaviour. This suggests that
the empirical requirement for the quantum behavior to
resemble the classical behavior is χ̃2 �M(τ).
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This analysis correctly predicts behavior on time scales
of the order of the plasma frequency. However, in the
case of the bi-cluster discussed in Section II, the above
criterion fails to adequately capture the long-time be-
havior. The slow trajectories that underlie the for-
mation of the bi-cluster evolve under the influence of
Veff ∝ (Aωpl)

2 = O
(
(Aωpl)

2
)
. Thus, the true condi-

tion for the long-time dynamics to display classical-like
behavior is χ̃2 � (Aωpl)

2. This point will be revisited in
Section III C, but for now we emphasize that the hierar-
chy of time scales that leads to the bi-cluster is controlled
by two distinct semi-classical conditions; one for the fast
dynamics, and one for the slow dynamics. Note that the
long-time condition, necessarily implies the short-time
condition because the initial plasma wave must satisfy
A� 1 for the hierarchy of time scales to emerge.

It is useful to express these conditions in terms of the
various energies involved. This is best achieved by writ-
ing the Gross-Pitaevskii energy functional Eq. (16) in
terms of the hydrodynamic variables ṽ and ρ. Referring
to Eq. (C1c), one finds [100]

E[Ψ] =
1

2
〈ṽ2〉ρ + 〈Q〉ρ +

1

2
〈Φ〉ρ

= TCl + EQ + UCl

(24)

where the averages are taken over the density ρ(θ). When
χ̃ = 0, this agrees with the classical result in the zero
temperature approximation. We refer to the contribu-
tion of the quantum pressure term as the quantum energy
EQ. The remaining terms resemble their classical coun-
terparts: the kinetic energy and the mean-field potential
energy are denoted by TCl and UCl, respectively.

We can estimate the importance of quantum effects
by comparing the magnitude of EQ to that of the total
classical energy. However, during classical plasma oscilla-
tions the energy alternates between TCl and UCl such that
these two terms are on average of equal magnitude and
we can compare EQ against either of them. We therefore
expect classical-like behaviour provided∣∣∣∣EQ

UCl

∣∣∣∣� 1 (short times). (25)

As discussed above, while this criterion may provide an
adequate measure of short-time quantum effects, on long
times it is Veff = O

(
A2
)

rather than 〈UCl〉T = O(A)
that drives the dynamics. Therefore, the more stringent
condition ∣∣∣∣ EQ

〈Veff〉ρ

∣∣∣∣� 1 (long times) (26)

is necessary for the quantum dynamics to display
classical-like behaviour on long times.

E. Quantum effects in the macroscopic limit

It is important to understand if quantum effects sur-
vive in the thermodynamic limit which is conventionally

defined as N → ∞, V → ∞ with N/V = constant. In
the presence of LRI the spatial dimensions represented
by the volume V play a lesser role as every particle inter-
acts with every other particle and we are therefore simply
concerned with the limit N → ∞. If the system size is
fixed and finite this implies the high density regime where
the Gross-Pitaevskii theory becomes exact for LRI.

Examining the Hamiltonian expressed in hydrody-
namic variables, Eq. (24), we see that the magnitude of
the quantum potential in comparison to the classical ki-
netic and interaction energies is governed by χ̃2. There-
fore, quantum effects are maintained in the macroscopic
regime if the magnitude of χ̃ is preserved as N → ∞,
which is indeed the case because χ̃ is independent of N .
This result relies on the Kac prescription which, as it
happens, is also necessary for having an extensive Hamil-
tonian in the classical case. Therefore, as pointed out by
Chavanis [100], having non-trivial thermodynamic limits
for both the classical and Gross-Pitaevskii theories has
the same requirement. Note that without the Kac pre-
scription the total interaction energy would scale as N2

and both TCl and EQ would vanish as 1/N in the ther-
modynamic limit.

IV. NUMERICAL RESULTS: QUANTUM
DYNAMICS

In this section we present the results of numerical sim-
ulations of the GGPE which are the quantum analogs of
the violent relaxation dynamics depicted in Fig. 1. From
the arguments presented in Sections II and III, we expect
quantum effects to be threefold: Firstly we expect the
singularities at caustics to be smoothed by interference;
Secondly we expect direct frequency shifts of the Fourier
modes, including the plasma oscillations, as predicted by
the Bogoliubov spectrum [100]; Thirdly we expect effects
on the subtle process of bi-cluster formation, where, ac-
cording to Eq. (23), the emergent effective potential Veff

competes with the quantum potential Q. Indeed, al-
though at first sight the strength of quantum effects is
determined by χ̃, we wish to investigate the prediction
contained in Eq. (23) that the emergence of classical-like
bi-clusters at long-times is controlled by the ratio χ̃/Aωpl

rather than χ̃ alone; we therefore vary this ratio to in-
vestigate quantum effects on a QSS (bi-cluster). At the
end of this section we summarize the different dynami-
cal regimes in terms of a ‘phase diagram’ illustrating the
crossover between different regimes in the log χ̃ vs. Aωpl

plane.

A. Attractive interactions (ε < 0): quantum Jeans
instability

In the case of attractive interactions, the mean-field
potential Φ favours regions of high density, and small per-
turbations result in a Jeans-like instability. In the classi-
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FIG. 5. Quantum Jeans instability: dynamics of the density
profile ρ(θ, τ) for attractive interactions (ε < 0) with initial
conditions ρ0 = (1 + 0.01 cos θ)2 and ṽ0 = 0 with χ̃ = 10−3.
Interference tames the singular classical caustic and replaces
it with a Pearcey-like interference pattern. Note that the dy-
namical time scale is set by the (imaginary) plasma frequency

ωpl ≈ ω1 = Im (i/
√

2)
√

1− χ̃2/2.

cal theory this occurs even for an infinitesimal attractive
interaction, whereas the Bogoliubov spectrum Eq. (22)
predicts that quantum zero-point motion stabilizes the
system if χ̃ >

√
2. We have confirmed this threshold nu-

merically. An explicit realization of the quantum Jeans
instability is presented in Fig. 5 for χ̃ = 10−3 where ini-
tially small density fluctuations are dramatically ampli-
fied by the interactions. In the classical limit initial con-
ditions equivalent to those shown in Fig. 5 lead to cusp
caustics with divergent density as shown in Fig. 1a. As
expected, the inclusion of quantum effects removes the
singularity and replaces each cusp with a Pearcey inter-
ference pattern (compare with Fig. 4).

As χ̃→ 0 the spacing between the interference fringes
vanishes and the intensity at the peaks diverges. If the
pattern is averaged over lengths larger than the fringe
spacing it comes to resemble the classical result [129].
To better visualize the connection between quantum and
classical dynamics, in Fig. 6 we plot the trajectories of
non-interacting test particles which simply feel the force
generated by the mean-field potential Φ(θ, τ) obtained
in making Fig. 5 (this is the quantum analog of the test-
particle model discussed in Ref. [69]). Note that this is
not the same as a classical simulation because the cal-
culation of Φ[ρ] fully includes quantum effects by way of
ρ(θ, τ) whose time dependence is governed by the GGPE.

It is worth noting that the classical and quantum dy-
namics only differ qualitatively after the formation of the

FIG. 6. Trajectories of test particles, each computed by solv-
ing Newton’s equations for a particle moving in a given ex-
ternal potential V (θ, τ) = −Mχ̃[ρ(τ)] cos θ. This is exactly
the mean field potential Φ(θ, τ) computed numerically in the
quantum dynamics shown in Fig. 5, where Mχ̃[ρ(τ)] is the
self-consistent magnetization.

first cusp/Pearcey function. This can be easily under-
stood by appealing to energy conservation, and in par-

ticular to Eq. (24). At early times
〈∣∣∂θ√ρ∣∣2〉 . O(1)

and consequently EQ . O
(
χ̃2
)
� |Ucl|. However the

classical dynamics lead to a folding of the phase space
distribution, or equivalently a point-wise divergent den-
sity profile. In the quantum dynamics this divergence
is smoothed once ∂θ

√
ρ ∼ 1/χ̃ since then EQ ' Ucl, at

which point interference effects become important.

B. Repulsive interactions (ε > 0): quantum QSS

The bi-clusters that form in the classical dynamics
when ε > 0 are examples of QSS: they are long lived and
characterized by degrees of freedom (the time-averaged
velocity field ũ and the corresponding density) that are
essentially stationary on the microscopic time scale pro-
vided by the plasma frequency. The fate of these struc-
tures upon quantization is therefore of great interest. In
Figs. 7 and 8 we study solutions of the GGPE for ini-
tial conditions that are in direct correspondence with
those used in Fig. 1b (see also References [65, 91])—
namely a homogeneous density profile ρ0 = 1/2π and
a velocity profile with a small sinusoidal modulation
ṽ0(θ) = Aωpl cos θ. We see from Fig. 7 that the bi-cluster
survives in the semiclassical regime where χ̃ is small. As
in the attractive case, the divergent caustic is regulated
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FIG. 7. Quantum bi-clusters: dynamics of the density profile
ρ(θ, τ) for repulsive interactions (ε > 0) with initial condi-
tions ρ0 = 1/2π and ṽ0 = Aωpl cos θ. This simulation used
Aωpl = 0.01, χ̃ = 0.005, and included Fourier components
up to kmax = 58. The time scale is in units of the classical
bi-cluster formation time, Tbc = O

(
[Aωpl]

−1
)

which is two
orders of magnitude larger than the inverse plasma frequency
ω−1

pl relevant in the attractive case.

by interference and a Pearcey-like pattern is visible.

We point out that while the initial plasma wave’s am-
plitude Aωpl in Fig. 7 is small, χ̃ is smaller still, and
this is essential for realizing a bi-cluster that resembles
the classical cusp-shaped caustics. This is manifest if
one fixes χ̃ at a small value, and changes the relative
amplitude of the initial plasma wave as is demonstrated
explicitly in Fig. 8. The interference fringes become large
when Aωpl ∼ χ̃ and the cusp caustic is dispersed, and as
Aωpl is made smaller still the bi-cluster dissolves away.
Remarkably, this loss of classical behaviour occurs for a
fixed value of χ̃. Furthermore, we see significant shifts
of the bi-cluster formation time away from the classical
value Tbc = π/

√
2Aωpl.

The small magnitude of χ̃ = 0.005 used in Figs. 7 and 8
satisfies the condition χ̃� 1 and hence, returning to the
Bogoliubov spectrum in Eq. (22), we see that quantum
effects on the plasma waves are negligible. Consequently,
classical plasma waves are present in all of the simulations
and the behavior seen in Figs. 7 and 8 corresponds to the
regime governed by Eq. (23). Our results confirm the
key element of that equation [see also Eq. (26)], namely

that on long time scales what counts is the competition
between Q and Veff rather than Q and Φ. They also
confirm the existence of the two distinct semi-classical
conditions given in Eqs. (25) and (26). We note that
even for modest values of the ratio Aωpl/χ̃, the effective
potential still influences the long-time dynamics.

C. Non-equilibrium phase diagram

The above results show that quantum effects can sta-
bilize homogeneous phases for either sign of the interac-
tions providing χ̃ & 1. Of the two cases, a considerably
larger value of χ̃ is required when ε < 0 because the quan-
tum pressure must compete directly with the mean field
potential Φ [which can be O(1)] as opposed to the effec-
tive potential Veff (which is O

(
[Aωpl]

2
)
� 1). For a fixed

value of χ̃, the requirement that χ̃� Aωpl such that a bi-
cluster can form can also be viewed as an energetic condi-
tion that ensures that the initial energy E0 = (Aωpl)

2/4
is sufficiently large to allow for the formation of large
density modulations, because unlike in the classical the-
ory, these have an energy cost of EQ = O

(
χ̃2
)
. It is the

finite cost of the quantum energy that is ultimately re-
sponsible for the homogeneous phase being stable against
sufficiently small perturbations Aωpl . χ̃.

These various dynamical regimes for the case of repul-
sive interactions are illustrated schematically in Fig. 9,
which shows regions of smooth crossover between bi-
clustering and homogeneous phases (the latter are com-
posed of a plasma oscillation dominated region and free
Schrödinger dominated region). The boundary between
the bi-cluster and plasma oscillating regions is given by
Aωpl = 2χ̃, which is found by balancing the quantum po-
tential Q and the effective potential Veff terms, as given
in the brackets of Eq. (23), while χ̃ = 1 marks the bor-
der between a free-Schrödinger equation behaviour [see
Eq. (17a) and note that Φ ≤ 1] and the classical plasma
oscillation for the first Fourier component. We emphasize
for the reader that the energy is proportional to (Aωpl)

2

and so Fig. 9 may be viewed as a kind of non-equilibrium
phase diagram for near-equilibrium initial conditions, al-
beit with smooth crossover behaviour as opposed to sharp
phase transitions.

V. COMMUTATIVITY OF THE
THERMODYNAMIC AND CLASSICAL LIMITS

Before concluding we would like to make some remarks
regarding the commutativity of various limits because the
quantum problem discussed in this paper introduces new
possibilities. In particular, the non-commutativity of the
N →∞ and t→∞ limits for systems with LRIs is well
understood [107], and physically this implies the char-
acteristic feature that if N → ∞ first a non-equilibrium
state will never relax to Maxwell-Boltzmann equilibrium.
In single-particle quantum mechanics there is an analo-
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FIG. 8. Different qualitative behaviors in the log χ̃ − Aωpl

plane in correspondence with the different regimes plotted in
Fig. 9. The initial conditions in all panels are ρ0 = 1/2π and
ṽ0 = Aωpl cos θ and time has been rescaled by Tbc. For χ̃� 1
no bi-cluster develops (a). For Aωpl < χ̃ � 1 (b) classical
plasma oscillations occur, and a very weak π periodic focus-
ing occurs, but is dispersed by the quantum pressure before
the classical focusing time Tbc. In panels (c)-(f) χ̃ is held
fixed while the plasma amplitude Aωpl is tuned. This has the
effect of a deeper effective potential Veff (see Eq. (23)), and
consequently a more classical-like Pearcey function interfer-
ence pattern emerges in the vicinity of the classical bi-cluster.

gous situation for the ~→ 0 and t→∞ limits. For exam-
ple, completely different results are obtained depending
on the order in which these limits are taken for adiabatic
evolution [130] and also in quantum systems whose clas-
sical limit is chaotic [115]. In this section, we investigate
whether the N →∞ and ~→ 0 limits commute.

An interesting observation is revealed by comparing
the classical and quantum Euler equations—Eqs. (4)
and (19) respectively—and noting that the former is ob-

FIG. 9. Non-equilibrium phase diagram for the quantum
HMF model with repulsive interactions (ε > 0). The vertical
axis measures the deviation from equilibrium as determined
by the initial condition ṽ0 = Aωpl cos θ. The horizontal axis
shows quantum effects increasing from left to right as quan-
tified by χ̃ = ~/

√
|ε|mR2. The dynamics are characterized

by one of three behaviours: For χ̃ & 1 all Fourier modes ex-
perience a free-Schrödinger like dispersion relation, and the
k = ±1 modes represent the system’s slowest time scale. In
contrast, for χ̃ . 1 these modes undergo a plasma oscillation
which is the system’s fastest time scale [see Eq. (22)]. Finally,
if χ̃� 1 and χ̃ . 2Aωpl the system’s non-linearity manifests
itself as a late time bi-cluster (i.e. Fig. 8f). For χ̃ > 0 all
states satisfying Aωpl . χ̃, and thus lying within the plasma
phase, will not result in a (large) bi-cluster (i.e. Fig. 8b). In
this sense the quantum pressure serves to stabilize the non-
equilibrium dynamics of the repulsive HMF. The grey region
denotes states whose short-time dynamics are fully non-linear,
and are therefore beyond the scope of our analytic discussion.

tained from the full Vlasov equation Eq. (2) via the zero-
temperature approximation, while the latter assumes
the formation of BEC. The zero-temperature approx-
imation ignores statistical fluctuations in the momen-
tum and approximates the full phase space density by
f(θ, L) ≈ ρ(θ)δ(ṽ(θ) − L). The fact that the classical
limit (~ → 0) of Eq. (19) can only capture the zero-
temperature approximation is a direct consequence of its
derivation from the GGPE Eq. (17), which assumes that
the state of the system is a BEC. The introduction of

a well defined phase S̃(θ) implies a well defined velocity

profile ṽ = ∂θS̃, just as in the zero-temperature approxi-
mation.

This is interesting because for finite time, the classi-
cal equations of motion provide an exact description of
a quantum system in the ~ → 0 limit [115], while the
Vlasov equation Eq. (2), which is a mean-field approxi-
mation at finite N , provides an exact description of the
classical dynamics in the thermodynamic (N →∞) limit
[106]. Additionally, motivated by work on boson stars
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[128] Chavanis has claimed that Eq. (17) is exact in the
thermodynamic limit [100], presumably when restricted
to Bose-condensed initial conditions.

Considering a generic quantum state as an initial con-
dition leads to a non-commutativity of limits as illus-
trated in Fig. 10. In particular, taking the classical limit
~ → 0, followed by the thermodynamic limit N → ∞
leads to an exact description in terms of the full Vlasov
equation. By contrast, if the GGPE captures the leading
order behaviour in the N → ∞ limit—at least for ini-
tially Bose-condensed states—then the Euler equations
are obtained; these are a particular (zero-temperature)
limit of the Vlasov equation. This suggests that the re-
covery of the full Vlasov equation requires features be-
yond the GGPE, the most obvious of which are phase
fluctuations. A more complete quantum dynamical de-
scription in terms of the Wigner function has been pro-
posed by Chavanis [99], and in light of the role of caus-
tic singularities in the context of the bi-cluster, it would
be especially interesting to understand whether quantum
phase fluctuations can mimic classical velocity fluctua-
tions. More pointedly, quantum interference effects lead
to wave catastrophes (see Fig. 4b), while classical mo-
mentum/velocity fluctuations ∆L smear the catastrophe
over a width 1/∆L, and this leads naturally to the ques-
tion of how quantum phase fluctuations influence caustic
structures such as the bi-cluster.

Finally, we note that both χ̃ → 0 and N → ∞ both
cause the density of states of the full quantum many body
spectrum to diverge, and so may be expected to yield
similar results. The interplay between the three limits
~ → 0, t → ∞, and N → ∞, for long-range interacting
systems is an interesting, and to the authors’ knowledge
open, problem, and its resolution is an obvious avenue
of investigation for quantum QMB systems with LRI in
general.

VI. CONCLUSIONS AND FUTURE WORK

We have performed a detailed study of violent relax-
ation in the quantum HMF model, where, starting from
a nearly homogeneous state with only very small fluc-
tuations, the system evolves towards strongly clustered
states. This is a well-studied phenomenon in the classical
theory where clustering leads to singularities (caustics)
which are physical manifestations of Thom’s cusp catas-
trophe [65, 91]. For the quantum description we used a
Gross-Pitaevskii equation which is closely related to the
classical Vlasov theory in the zero-temperature approx-
imation considered in Ref. [91]. Both are described by
Euler equations, but the quantum version is augmented
by a quantum pressure term.

By choosing initial conditions whose long-time propa-
gation is well understood in the classical limit, we were
able to isolate the role played by the quantum pressure in
modifying the dynamics. The consequences for attractive
interactions (ε < 0) are fairly straight forward; whereas

FIG. 10. Schematic depiction of non-commutativity of the
thermodynamic N → ∞, and classical ~ → 0 limits for the
finite time dynamics of pure quantum states. The sequence
~→ 0 followed by N →∞ takes us from the quantum to clas-
sical many-body descriptions and then to the Vlasov equation
which gives an exact description of the classical dynamics in
the thermodynamic limit. Conversely, if the GGPE captures
the leading order dynamical behaviour in the thermodynamic
limit, then the sequence N → ∞ followed by ~ → 0 leads to
the classical Euler equations, which emerge from the Vlasov
equation in the zero-temperature approximation.

the classical self-focusing forms cusp-shaped caustics in
the θ − τ plane where the density diverges, these are re-
placed by smooth Pearcey wave catastrophes in the quan-
tum dynamics. As far as we are aware, this is the first
time a wave catastrophe other than the Airy function
has been explicitly identified in the dynamics of a non-
linear wave equation [131], although it can certainly be
seen in figures in other theoretical papers that use the
Gross-Pitaevskii equation to treat quite different physi-
cal problems, including BECs hitting obstacles [132], and
self-trapping in polariton condensates [133], and also in
plots reporting experimental observations with ultracold
atoms [134–136]. Indeed, catastrophes are expected to be
a universal feature of quantum dynamics in mean-field or
close to mean-field regimes [137].

The repulsive (ε > 0) dynamics also display cusp caus-
tics although in this case the cusps come in pairs, known
as bi-clusters, and the time-scale for their formation is
generally much longer than in the attractive case. The
bi-cluster has special significance because it is an ex-
ample of a QSS, i.e. a slowly evolving non-equilibrium
state that is a paradigm of LRI. As in the attractive
case, the bi-clusters are smoothed by interference and
become Pearcey functions. Quantum effects in the form
of zero-point motion (quantum pressure) also shift the
time scales for cluster formation and can even stabilize
homogeneous states against clustering. The bi-cluster is
more sensitive to quantum pressure than the attractive
mono-cluster and the reduced Planck’s constant χ̃ must
be surprisingly small before classical behaviour emerges;
specifically the long-time criterion is given by χ̃� Aωpl,
where Aωpl is the amplitude of the velocity fluctuations
(“plasma” waves) in the initial state. At zero tempera-
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ture one can construct a non-equilibrium phase diagram
as a function of just χ̃ and Aωpl which are the two di-
mensionless quantities specifying the problem.

In addition to investigating the dynamics, we point out
that there is a possible lack of commutation between the
thermodynamic (N → ∞) and classical (χ̃ → 0) limits.
Performing the χ̃→ 0 limit first and then N →∞ leads
to the Vlasov equation, whereas the opposite order leads
to the Euler equations. The latter equations are a special
case of the former, corresponding to the zero-temperature
limit. In future work we hope to better understand this
issue by including non-mean-field quantum states that go
beyond the Gross-Pitaevskii theory.

The HMF model was invented as a simple model that
captures the essential features of LRI. At the time of
writing we do not know of any direct experimental real-
izations of the HMF model although atoms trapped in
optical cavities come close [60]. These systems display
a symmetry breaking transition from a homogeneous to
an ordered density [54–62] that has been observed ex-
perimentally [32] and which is essentially the same phe-
nomenon as clustering. Although the atom-cavity system
is intrinsically open, and hence includes extra noise and
frictional effects, it would be interesting to see if there are
regimes, e.g. in very high finesse cavities, where quantum
pressure can dominate other sources of quantum noise
and stabilize the system against ordering. Another pos-
sible realization of the present work is in ‘closed’ XY-type
spin models such as those that can be realized with cold
Rydberg gases and ensembles of polar molecules. Al-
though the interactions in these systems are not infinite-
ranged, they can easily extend over the entire sample.

We close by emphasizing that the wave catastrophes
(Pearcey functions) studied in this paper are universal
features of dynamics. They obey self-similar scaling laws
and can therefore be regarded as non-equilibrium gen-
eralizations of phase transitions [137, 138]. We hope to
expand on this line of inquiry in the future, both for
short- and long-range interacting systems.
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Appendix A: Sinusoidal mean field potential

In Section III we claim that Φ(θ, τ) always takes
the form of a sinusoid, this seems remarkable at first
glance but is actually a very simple, and well known,
result. Expanding ρ(θ, τ) =

∑
ρ̂k(τ)eikθ, and writing

Φ(θ, τ) = Re
∫ π
−π ρ(φ, τ)ei(θ−φ)dθ one can easily see that

Φ(θ, τ) = 2πReρ̂1(τ)eiθ. In general ρ̂k(τ) = M(τ)eiϕ(τ),
where M(τ) and ϕ(τ) are two real-valued functions de-
termined by solving for the evolution of the full density
profile ρ(θ, τ). The simple algebra yields

Φ(θ, τ) = M(τ) cos[θ − ϕ(τ)] (A1)

as claimed in the main text. This derivation applies to
both the quantum, and classical Euler equations and can
be easily extended to the Vlasov equation by treating a
generic phase space density f(θ, L, τ) as a linear combi-
nation of zero-temperature ones.

Appendix B: Validity of the Gross-Pitaevskii
treatment

Bose condensation in one dimensional systems is for-
bidden under typical conditions due to phase fluctua-
tions, even at zero temperature [119], and this is related
to gapless excitations. Formally, Bose condensation im-
plies spontaneous symmetry breaking of the global, and
continuous, U(1) symmetry which can be expressed in

terms of the field operator as Ψ̂→ eiθΨ̂. According to the
Mermin-Wagner theorem [117, 118], symmetry breaking
is forbidden in one-dimensional systems. However, this
theorem does not apply in finite systems such as a ring
of finite radius R where the long wavelength fluctuations
which destroy the condensate are cut off by the finite
system size. Furthermore, the Mermin-Wagner theorem
assumes short-range interactions and so it does not ap-
ply in the presence of LRIs, as evidenced by the fact that
the one-dimensional HMF model, quantum or classical,
exhibits critical phenomena such as the paramagnetic-
ferromagnetic transition[64].

In addition to the fact that the Mermin-Wagner theo-
rem does not apply to the HMF model, there are multiple
sources of evidence that suggest a mean-field treatment
of a Bose system with LRI is valid at low temperatures.
Rigorous analysis of Bosons stars has demonstrated that
their ground state energy asymptotes to the Hartree
value in the thermodynamic limit [128], while more re-
cently the oft-employed GGPE was rigorously shown to
be the correct N →∞ description for a many-body sys-
tem interacting via dipole-dipole interactions [122].

On a less formal and more empirical note, we discuss
some more commonly considered Bose systems and con-
trast their properties with other systems with LRI. A
common feature is that, in general, not all the bosons
will reside in the BEC, even at zero temperature, due
to quantum depletion. In strongly correlated quantum
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liquids such as superfluid 4He only around 10% of the
atoms are in the BEC [116]. However, there are systems
where nearly all the bosons do Bose condense. The best
known example is the degenerate, almost ideal, Bose gas,
as realized with ultracold dilute atomic gases, where it is
found that > 98% of the atoms can be in the BEC and
the Gross-Pitaevskii theory is in impressive agreement
with experiment [116]. The interactions in these gases
are usually of the isotropic van der Waals type, falling
off as r−6, and so are considered short-range [139]. At
low energies such interactions are characterized by their
s-wave scattering length as. In three dimensions the con-
dition for weak correlations, and hence the applicabil-
ity of the Gross-Pitaevskii theory, is as(N/V )1/3 � 1,
where V is the volume, corresponding to the low-density
regime [120]. Conversely, in one dimension it is the high-
density regime where Gross-Pitaevskii theory applies. In
the presence of long-range interactions it is also the high-
density regime where Gross-Pitaevskii theory applies.
For example, in the case of the charged Bose gas the
criterion for weak correlation is a0(N/V )1/3 � 1, where
a0 = 4πε0~2/mq2 is the Bohr radius associated with the
Coulomb interaction between particles of charge q [127].
In other words, the interactions are weak if the Bohr
radius is large in comparison to the interparticle spac-
ing. Such a high density limit is realized naturally in the
N → ∞ limit, and so it is reasonable to assume that
a Gross-Pitaevskii treatment is justified for a system of
intdistinguishable bosons interacting via LRI.

Appendix C: Numerical method

To solve the evolution of the GGPE we use the mo-
mentum space representation of Eq. (C1).

iχ̃∂τak =
χ̃2

2
k2ak + sgn(ε)Φkk′ak′ := H̃kk′ak′ (C1a)

Φkk′ =
1

2
(M δk+1,k′ + M∗ δk,k′+1) (C1b)

M =
∑
k∈Z

a∗kak+1 =

∫ π

−π
|Ψ(τ, θ)|2 eiθdθ (C1c)

This approach is advantageous because, unlike a generic
two-body potential, the cosine potential only couples ad-
jacent momentum modes. This leads to a tri-diagonal

pseudo-Hamiltonian, H̃kk′(τ) defined in Eq. (C1a),
whose time dependence is inherited from the evolution
of the order parameter by way of the mean-field poten-
tial. The pseudo-Hamiltonian is truncated at ±kmax and
a second-order implicit integration scheme based on the
Dyson series (described below) is used to evolve forward
in time.

Given some state ak(τn) and time τn we first define a
time evolution operator Ukk′ [τn,∆τ ] given explicitly by

U(τn,∆τ) = 1− i∆τH̃kk′(τn) (C2)
where H̃kk′ is the psuedo-Hamiltonian appearing in
Eq. (C1) and the time step is sufficiently small so as
not to invalidate Von Neumann error analysis (i.e. ∆τ <
1/2k2

max). The 0th order approximation of ak(τn+1) is
taken to be

a
(0)
k (τn+1) = Ukk′(τn,∆τ )ak′(τn) (C3)

Proceeding iteratively, the mth approximation is found
by solving the equation

U
(m−1)
kk′

(
τn+1,−∆τ

2

)
a

(m)
k′ (τn+1) = Ukk′

(
τn,

∆τ
2

)
ak′(τn)

(C4)
where U (m−1) uses the (m − 1)th approximation of
ak(τn+1). This process is repeated until the overlap be-
tween successive states is unity within one part 10 parts
per million. Explicit schemes were also tested, and were
found to give monotonically increasing error in the norm
of Ψ; successful simulation of long-time behaviour con-
sidered in this paper (i.e. bi-cluster) requires an implicit
scheme.

Finally we note that to simulate the semi-classical be-
haviour of the bi-cluster it is necessary to include an un-
expectedly large number of Fourier components. This is
related to representing the small amplitude plasma wave
ṽ = Aωpl sin θ in the GGPE form. In particular one

must Taylor expand exp
[
iS̃/χ̃

]
. Since ṽ = ∂θS̃ we have

S̃ = O(Aωpl). As is discussed in the main text, classical-
like behaviour emerges when Aωpl/χ̃� 1, and to obtain
an accurate approximation of the wave-function’s Fourier
transform requires that (Aωpl)

kmax/(kmax!) � 1 where
kmax is the largest Fourier component in the simulation.
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and S. Ruffo, Physica A: Statistical Mechanics and its
Applications 337, 36 (2004).

[78] A. Pluchino, V. Latora, and A. Rapisarda, Physica D:
Nonlinear Phenomena 193, 315 (2004), anomalous dis-
tributions, nonlinear dynamics, and nonextensivity.

[79] Y. Y. Yamaguchi and S. Ogawa, Phys. Rev. E 92,
042131 (2015).

[80] D. H. E. Dubin and T. M. ONeil, Rev. Mod. Phys. 71,
87 (1999).

[81] Y. Levin, R. Pakter, and T. N. Teles, Phys. Rev. Lett.
100, 040604 (2008).

[82] L. Spitzer, Dynamical Evolution of Globular Clusters,
Princeton Series in Astrophysics (Princeton, NJ: Prince-
ton University Press, 1987).

[83] T. N. Teles, Y. Levin, R. Pakter, and F. B. Rizzato, J.
Stat. Mech. , P05007 (2010).

[84] D. Lynden-Bell, Mon. Not. R. Astron. Soc. 136, 101
(1967).

[85] S. Goldstein, S. Cuperman, and M. Lecar, Monthly No-
tices of the Royal Astronomical Society 143, 209 (1969).

[86] M. Lecar and L. Cohen, “Numerical experiments on
lynden-bell’s statistics,” in Gravitational N-Body Prob-

lem: Proceedings of the Iau Colloquium No. 10 Held
in Cambridge, England August 12–15, 1970 , edited by
M. Lecar (Springer Netherlands, Dordrecht, 1972) pp.
262–275.

[87] F. C. Benetti, A. Ribeiro-Teixeira, R. Pakter, and
Y. Levin, Phys. Rev. Lett. 113, 100602 (2014).

[88] Y. Yamaguchi, Phys. Rev. E 78, 041114 (2008).
[89] T. N. Teles, Y. Levin, and R. Pakter, Monthly Notices

of the Royal Astronomical Society: Letters 417, L21
(2011).

[90] T. Dauxois, P. Holdsworth, and S. Ruffo, European
Physical Journal B 16 (2000).
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